2:43PM Mon Jul13 20 A0% @ )
Q. MATH394B Pr..1 (Summer 2026) Home Insert View & &

9 T 43 % | | ; Y EEEA TR

Chapter 4. Expectation
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Poisson Apprgximation to Binomial
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Poisson Approximation to Binomial

When

X ~ Bin(n, p).
AND é n -l
. oD i =>
> @)is large; Yh. < P J&' p—a

b@is ;r;;-ll; P — o w,(f:nx_}?_ :1 (_Cﬂﬂ5f_aﬂ}'
» A\ = np is moderate, nxP——y C (Cﬁf’g'fd”r)

e —

Then, - —

e

X = Pois()).
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Why the Poisson Approximation Works

Y fn). .. (a-E+

An/ ...

- 7 e
Assume X ~ Bin(n, p) with where A > 0 is fixed. For each ed@: 0, l@. .., we have

e — lit—
—k

[® ()" - oo

ﬁPBJ'nom(n,p}(X = k) =7

' B 23 |
K -K — ) i A
B)rep TNE (D D=
4, ; ff- stays fixed n@ n:@ ) " +H)_
nl .-::ﬂmf'ﬂ-k""\) _}1'&.'3_)\ 1:e_’\)‘—k:]p4 _ 7t .
; n-1) ~ Ll = P X~Poisson(A) e_-\
hus, —_—

nsoo, _—x A"
!PXNBJ'H[H.D)(X == k) —_— e Ak—i-(
This phenomenon is formally knowras convergence in distribution (or we ) in Probability theory.
We will see more with Central Limit Theorem (CLT) and Law of Large Nunjbers (LLN) in Chapter 10B (Limit

Theorems).
Weak converq eng,
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Visualization of Poisson Approximation to the Binomial

e

Poisson Approximation to the Binomial p(X-2) (s
As n increases and p decreases with A = np fixed, Bin(n,p) = Pois(A) X A B,"n( 2609 iiﬂ)
|I‘ Here we keep A = np = 4 fixed. ]

p = 0.02.
3 pprnxim.atinis very good
Binomial and Poisson are almost indistinguishable.

1 .PG"SSOMC*?; Binomial(n = 200, p = 0.02)

1) n=20, p=0.20, A=np=4 2) n = 200,

:
Approximation is coarse
Binomial and Poisson are visibly different.

0.25 5
'_3? | Binomial(n = 20, p = 0.20)

0.20 4 ‘f .—5. —9— Poisson(A = 4) 0.20 - "1( | —8— Poisson(A = 4)
= " 1 N
E ‘kqug 0.15 -
E ]\:utiw.ﬂ:' s%ill;f:relntes in [ The v diseibissions )
e shape and tail behavior, 0.10 - ot el Mentica)
a |
! | / 0.05 - //
1 T
"%’r—.‘“"-"’“‘.— - 0.00 AU Bl 0—0

4 6 8 10 12 14 16

Number of successes k

N . Takeaway
H@: When events are rare (small p) and trials are many (large n), while the mean A = np stays fixed, ‘
the Binomial distribution is well approximated by a Poisson distribution with mean A.

Arman Jahangiri
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Example: Website Visitors

¥l=
Suppose 1,000,000 people independently decide whether to visit a website.
Each visits with probability

&

—= p=2x10"° =\
L
et
X = number of visitors. AL KF — @ o

S \o-\a

€ \o
X~ Bn(L000000.2 10, —5pCX= 1) {15 g) - 1)

Here _/V\/
.ﬂ-—>®= np — u/

Then

So g o
X ~ Pois(2). — PAUT f/_____?

For example, :f!
=0 e )

Note that it is computationally hard to compute directly from the Binomial PMF:
e

1000000! 2 s 2 1000000—k =
P(X = k) = e Y e 4
( ) k!(lOOOOOU—k)!(IOG) ( ) ( )

106
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Summary

» Expectation is a probability-weighted average:

E(X) =)  xP(X = x).

X

> Linearity{_‘;'{jE ;)Lftfff'aﬁpﬂ
E(X + Y) = E(X) + E(Y),

with no independence required. o e
» Fundamental bridge:
E(ls) = P(A).
» Variance measures spread:fnﬁﬁ- linear uhleg_g Xﬁﬂ( i
— Var(X) = E(X?) — (EX)?.

» Poisson approximates Binomial when n is large, p is small, and A = np is moderate.
- —_—

T

Continuous random variables.
—.._--__ __{"-_-\
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Learning Goals

By the end of this lecture, students should be able to:
» define and interpret Pﬁs and CDFs;
compute probabilities by integrating a PDF;
recognize valid PDFs;
compute expectation for continuous random variables;

define and use the Uniform distribution;

vvyYyyvyy

understand the universality of the Uniform distribution.
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Continuous Random Variables
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From Discrete to Continuous Random Variables

Discrete random variables take values in a finite or countably infinite set.
. . o — 1 ze
Continuous random variables can take any value in an interval, such as

(0,1), (a, b), [0, 00), R.
— — -_— ~

Main difference

For a continuous random variable,

for every individual point x.

p(S) = chxw 2. e y T, I =52 (._—""‘
(Fr= = % 'X

W
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Probability Density Functions

galr o TNTS

Definition

For a continuous random variable X, the probability density function, o is a functior@such that

P(X € A) = dx, IVAQR?
A/
T —

The valu@itself is not a probability (could be greater than 1).
Probabilities are areas under the density curve. /E&’)
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How to verify a function is a PDF?

A function f is a valid PDF if it satisfies two properties, namely

M for all x,
foral x,

and

Analogy

For discrete random variables:
—>p(920 T =1
W\/

For continuous random variables: -
f(x) > 0, / F)dx =1 &
N N>~
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CDF has the same formula for continuous and discrete r.v.s, i.e. g@
@ p(xem) =S roodt FE) = P(X < x). = J@f(ﬂﬂ’b Xcodl: é? @

For a continuous random variable with PDF f, according to th definition of PDF,

A=(- wflj

Note that , according to the definition of CDF, P( X <2) F(xe(-@/i:[
@IP(3<X§b)=F(1‘))_F(§)X @A

This, together with the Fundamental Theorem of Calculus, implies tha {O\-( X SL} {X gj,} — {X 50\}
- = )
) {E (D 0

For continuous_r.v.s, since P(X = a) = 0 for any a € R, /-“/ﬁ/.é.d" Ty
- Cpdu [(P(X < a) = P(X < 2) )] < =

[ P(X >a)=P(X>a),)
(B<X<B-Ta<X<B)=Pa<X<b)=Pa<X<b= F-F@)
a
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TX a3 = P X<a3U1x=a¢ = pC x<a) = PX<®) +PEX=a)

What Does the Density f(x) Mean?

For a continuous random variable,

X

F(x) = P(X < x) = / F(t) dt.

— 00 ban‘a{j

A
For a small number o~ L b o~ __x—_;ar—
PR<X <&+=F(x+e) - F(x).

¢
erefore,
" — P(XSXSX+€)=\F(X+E)—F(X)‘ (X e[r;i‘*g)

Taking the limit as € — 0, -
[P(X<X<X+€) lim F(X+€

R~

(~>O
By the definition of derivative, - R
@ i E faa L Fro 0
£-a

Thus, -~~~ -

) =~ ?)Q(X ""94'_ f(x = ||m %% F(C‘a)(f(zo)

Smof| G0

(*}0
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Expectation for Continuous Random Variables
—_—

Definition

If X is continuous with PDF f, then

If the support is an interval, we integrate over that interval.

Expectation is still the balancing point of the distribution.
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Continuous LOTUS

If X has PDF f and g : R — R, then

Proof idea. For a small interval [x,x + Ax],
P(x < X < x+ Ax) = f(x)Ax.
On this interval, g(X) is approximately g(x). Hence,
g(X)P(x < X < x+ Ax) = g(x)f(x)Ax.

Adding over many small intervals,

E(g(X Z g(xi)f(xi)Ax.

Taking the limit as Ax — 0, the Riemann sum becomes
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Uniform Distribution
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Uniform Distribution
Definition
A random variable U has the Uniform distribution on (a, b) if its PDF is D'SC Um ( \ s e
)

UNE@A)L
FCMX( S)E S V,a dx

zl-dX =
e e S {‘To U ~ Unif(a, b) - Q’L) e l
\h&é@ PLXER =\eptn (A) /b)- ogb 2=

PDF Verification

2 \/
since b > a. And D | .S‘ &.9\
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Uniform CDF

. Db — Z
then its CDF is A ‘ o _ S &f)ik

l// a-<\x,<b. o
‘ x> b - gxi_ CL'L_
vb-0-

For the standard Uniform,
U ~ Unif(0,1),

we have =

F(x) = x, 0<x<1 v -0 \/_37\_/
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Universality of the Uniform
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Why the Uniform Distribution Is Special

The Uniform distribution is a universal starting point for simulation.

Many algorithms first generate
U ~ Unif(0,1),

then transform U to obtain another distribution.

Main idea

A Uniform random variable can be transformed into a random variable with many other distributions.
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Inverse CDF Method

Suppose F is a continuous, strictly increasing CDF.

Let

U ~ Unif(0, 1).
Define

X =F (V).
Then

X has CDF F.

This is called the inverse CDF method or inverse transform sampling.
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Why the Inverse CDF Method Works
Let

X =F (V).
Then

P(X < x) = P(F 1 (V) < x).

Since F is increasing,
FU)<x <= U<F(x).

Therefore,
P(X < x) =P(U < F(x)).

Because U ~ Unif(0,1),
P(U < F(x)) = F(x).

Thus X has CDF F.

Arman Jahangiri Chapter 5A: Continuous Random Variables, PDFs, and Uniform Distr Summer 2026 17

Probability Integral Transform

Conversely, if X has continuous strictly increasing CDF F, then

F(X) ~ Unif(0, 1).

Interpretation

Applying the CDF to a random variable converts its value into a percentile.

For example, if exam scores have CDF F, then F(X) is the percentile of a randomly selected student.
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Uniform Mean and Variance

If U ~ Unif(a, b), then

fu(u) = bl , a<u<h.
b 1 1 u?1? b? — a° a+b
) /aub—a b—a[ZL 2(b—a) 2
First,
b 3_ 3 2 2
JE(U2)=/u2 RIS et M i = 6
. b—a 3(b—a) 3
Thus, .
2 2 )2
Var(U) = B(U?) - [E(U)f = Z+22+8 —<"’J2rb) - “’12"’) .
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U ~ Unif(0,1),
then
a+ (b—a)U ~ Unif(a, b).

This transforms:
(0,1) — (a,b).

Useful idea

Start with the standard Uniform and shift/scale to get any Uniform interval.

Arman Jahangiri Chapter 5A: Continuous Random Variables, PDFs, and Uniform Distr Summer 2026 20

» Continuous random variables have probabilities over intervals, not points.

» A PDF integrates to probabilities:
b
Pla< X < b) = / f(x) dx.

v

A valid PDF is nonnegative and integrates to 1.

The CDF is accumulated area:

v

Fx) = / " f(e) de.

— 00

v

Uniform probabilities are proportional to interval length.

» The Uniform distribution is universal through the inverse CDF method.

Normal and Exponential distributions.
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