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Learning Goals

By the end of this lecture, students should be able to:
» define and interpret P&s and CDFs;
compute probabilities by integrating a PDF;
recognize valid PDFs;
compute expectation for continuous random variables;

define and use the Uniform distribution;
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understand the universality of the Uniform distribution.

Arman Jahangiri Chapter 5A: Continuous Random Variables, PDFs, and Uniform Distr Summer 2026 2

Continuous Random Variables
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From Discrete to Continuous Random Variables

Discrete random variables take values in a finite or countably infinite set.
. . o — 1 ze
Continuous random variables can take any value in an interval, such as

(0,1), (a, b), [0, 00), R.
-_—

Main difference

For a continuous random variable,

for every individual point x.
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Probability Density Functions

galr o THFS

Definition

For a continuous random variable X, the probability density function, o is a functior@such that

P(X € A) = dx, 'VAQR?
A/
T —

The valu@itself is not a probability (could be greater than 1).

Probabilities are areas under the density curve. /2(7)
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How to verify a function is a PDF?

A function f is a valid PDF if it satisfies two properties, namely

M for all x,
foral x,

and

Analogy

For discrete random variables:
()20, D> px(x) =1 G
e X

For continuous random variables: -
f(x) > 0, / F)dx =1 &
N N>~
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CDF and PDF
3 PCR) X: DIETER

CDF has the same formula for continuous and discrete r.v.s, i.e. A g@
_ ( Fondz 3 - v by ©
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For a continuous random variable with PDF f, according to the definition of PDF,

A=(- wflj

Note that , according to the definition of CDF, P( X SJ) .=F()(eC-G4/?€[
@P(a<X§b):F(p)_F@)X @A

This, togeth ith the Fund tal Th f Calculus, implies th _ 50\} ’
IS oge er wi e rundamenta eoremdo alculus implies a {(‘A.{ X SL} - {X gL} {x
D) @

For continuous_r.v.s, since P(X = a) = 0 for any a € R,
Pc)i+['1p(xga):1p>(x<3)_]<—- =
( P(X>a)=P(X> a),)

(B<X<B-Ta<X<B)=Pa<X<b)=Pa<X< b):OFCb)—ﬁ@
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What Does the Density f(x) Mean?

For a continuous random variable,

X

F(x) = B(X < x) = /_ RGL: o
For a small number o~ L = o _LA_Z——
. PR< X <€+ = Flx+e)— F(x). e

Therefore,

‘|
— [P(XSXSX+€)=\F(X+E)—F(X)‘ ?(X 6[2;1+¢jj>
€ € :?

Taking the limit as € — 0, —

FR—

€e—0 € €e—0 €
By the definition of derivative, - R o)
@z F(x) =im F(x—i—éZ— F(x) d/ﬂ;@:ﬁm f—@%f—)
— ol

Thus, 2~ £-a

. x< X< x+e€ e
)~ Pashond)= f</x)=gm)% F )= s
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Expectation for Continuous Random Variables
—_—

Definition

If X is continuous with PDF f, then

If the support is an interval, we integrate over that interval.

Expectation is still the balancing point of the distribution.
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Continuous LOTUS

If X has PDF f and g : R — R, then

Proof idea. For a small interval [x,x + Ax],
P(x < X < x+ Ax) = f(x)Ax.
On this interval, g(X) is approximately g(x). Hence,
g(X)P(x < X < x+ Ax) = g(x)f(x)Ax.
Adding over many small intervals,

E(g(X)) = Zg(x;)f(x;)Ax.

Taking the limit as Ax — 0, the Riemann sum becomes
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Uniform Distribution
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Uniform Distribution
Definition
A random variable U has the Uniform distribution on (a, b) if its PDF is . U g ( ) M
| —2 s U
Uni ﬁ (o5))

e N a0k

otherwise.

pox<t)=§ L fx) =
N 0

I
— (- = ;
We write — SL\‘G dx

\%) i@ PC Xeh) =\2’8h‘ (A’) U ~ Unif(a, b).

B
3
t

N— &
since b > a. And D | .S‘ &.9\
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Uniform CDF :PP§L

<x
' oF - U ~ Unif(a, b), F('JO = P:pg Xs2)
then its CDF is C _‘ = | _ S &f)lt* 7\
- o—

xX
‘ x> b. .% = g _L__ d/'L_ —po
For the standard Uniform, @ b —;' \//\——\/
U ~ Unif(0,1),
we have ’ = __,l__ i d’t LDE"")?DY_
- ’L<& F(x) = x, 0<x<1

F/ -0 e —— —_—
o1 A2 orey 00 @ L+, | %xﬂy)’ ﬁ(x)
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Universality of the Uniform
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Why the Uniform Distribution Is Special

s K

The Uniform distribution is a universal starting point for simulation.

Many algorithms first generate
U ~ Unif(0,1),

then transform U to obtain another distribution.

Main idea

A Uniform random variable can be transformed into a random variable with many other distributions.

Arman Jahangiri Chapter 5A: Continuous Random Variables, PDFs, and Uniform Distr Summer 2026 15

Inverse CDF Method

Suppose F is a continuous, strictly increasing CDF.

Let
U ~ Unif(0, 1). .
Define 3/)<1 ,)
X =F(U).
Then X has CDF F. ‘\[@{\/ \mp\)ﬁaﬁ} )

This is called the inverse CDF method or inverse transform sampling.
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Why the Inverse CDF Method Works
Let
X =F (V).
Then
P(X < x) = P(F}(VU) < x). %F‘
Since F is increasing,
FU)<x <= U<F(x).
Therefore,

P(X < x) =P(U < F(x)).

Because U ~ Unif(0,1),
P(U < F(x)) = F(x).

Thus X has CDF F.
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Probability Integral Transform

Conversely, if X has continuous strictly increasing CDF F, then Ie "" )
F(X) ~ Unif(0,1).

Interpretation

Applying the CDF to a random variable converts its value into a percentile.

For example, if exam scores have CDF F, then F(X) is the percentile of a randomly selected student.

PuF
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If U ~ Unif(a, b), then fdjz
—=

a <@X b. K 2eY0  othermdQ - gi
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Location-Scale Transformation V\ﬂl’X = E\(‘X/2> - (EX) P
AN

If
—% U~ Unif(0,1), —> O<LL<\
then . <(D_a),lk ¢ Y- o
_,->@+ (b= 2)U ~ Unif(a, ).

)
o = @Ko (b-ad w <(>ra=l)
is transforms: _ (ba) U _
g(vy = Y=+ L) e

Useful idea

Start with the standard Uniform and shift/scale to get any Uniform interval.
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» Continuous random variables have probabilities over intervals, not points.

» A PDF integrates to probabilities: _ %« o
PiC ot 7%

IP’(a<X<b):/ab@dx.

pPx) 3 X =x)=0
» A valid PDF is nonnegative and integrates to 1. Y

()(::JC) Y
! z}’(X:yi)

Cyo SmA ”

» The CDF is accumulated area: m
_ Hp(xelrr] ) Fix) =
Feo = PO <o Fe =
» Uniform probabilities are proportional to interval length.

=

» The Uniform distribution is universal through the inverse CDF method.

A< X <X*E)

Next lecture

Normal and Exponential distributions.

Fezy= 2 PO
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