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Learning Goals

By the end of this lecture, students should be able to:
» define the moment generating function (MGF);
—

compute MGFs of common distributions;
— C——

Con‘f»‘(( k on
extract moments from MGFs; >
E———
understand how MGFs determine distributions; .__> U\Y)\’t' nenc s TG EmMm

compute distributions of sums using MGFs;
CE——
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derive moments of Exponential and Normal-distributions using MGFs.
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Definition of the MGF

Definition

My () =E(e™)-8(e)

oX o
. Mx@)=E(€ ) -E(e)
provided the expectation is finite in some open interval around 0.

Equivalently, = E(l) i@

e/ px(x), if X is discrete,

Mx(t)

—

/ fx(x) dx, if X is continuous.
— o0, N—
O

Every valid MGF satisfies
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Bernoulli

If X ~ Bern(p), then
~————

Discrete Uniform
I

If X ~ DUnif{1,..., m}, then

A . - n o P
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Binomial

If X ~ Bin(n, p), then

| e
EY o > (e farmr) 0=
T

C
If X ~ Pois()\), the pmf ot & . % Z‘ 2 =€
0o — n,
MX(t) — Z@er_\@ =e re’\etjz e)‘(et_l). "
k=0 = k! ﬁ'_ —

i
\‘/ n (—(hmyz ;X+Y X-L'\(
= = MBE, (1= MOT () x MEF te)

=
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\
=
e
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Negative Binomial
S — e

If X ~ NegBin(r, p), where X counts failures before the r-th success, then /A
k+r—1 k+r—1 P
— tk rok _ or tyk
MX(t)_;?:oe ( . )pq =1p k§=0( " )(qE) (1—qet -

Geom(p) +
Y himeg

W2 Gpd = oot Goem(Pp) —

‘/
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MGFs: Discrete Distributions IV

b

&
Hypergeometric
“ If
X ~ HGeom(w, b, n),
then ( b
w
) (=)
P(X = k) = W,
n
where
max(0,n — b) < k < min(w, n).
Therefore,
min(w,n) (w) b )
Mx()= > e TS
k=max(0,n—b) ( n )

Note: Unlike Binomial or Poisson, this MGF usually does not simplify to a nice elementary closed form.
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MGFs: Continuous Distributions |

Uniform

If X ~ Unif(a, b), then

Mx(t) =

SI55850%

"\/ A_;’) Q()((L
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MGFs: Continuous Distributions |l

Exponential

If X ~ Exp(A), then

If X ~ Gamma(a, A), with shape « and rate ), then

Gamma

Mx (t) =/ eX ——x*"le= M dx = x@~le=(A=tx gy
0 M(a) () Jo
Let u = (A — t)x. Then x = u/(\ — t), dx = du/(\ — t), and
«@ o0 « (a3
Mx(t)z)\— ! / uo‘_le_"duz/\—z( A ) , t <\
Ma) (A=1t)> Jo A=1t)> A—t
N —
M(a)
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MGF of N(0,1)

Standard Normal

Let Z ~ N(0,1). Then
—

Mz(t) :']E\(e;z) =

=" 9
rmw
2 2 2
tz — % = —%(22—2tz) = —%((z— t)?2 —t?) = Gl + 2 d—_’ /
Therefore,
Mz(t) %/_oo e_(z_’)z/dz
\/'&'

Since the last integral equals /27

’\, Mz(t) .

Complete the square:
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Let X ~ N(p,0?). Write
—_— X=p+olZ, ZNN(O,I).

Then %),
My (t) = ]E(etX) —E (et(p+¢72)) — e;.LtIE(ea'tZ). t/?" é_—

Using leﬁ ) -

Mz(s) = e=/2,

with s = ot, we get > =0 G =I|
@ eusz(ot) = elifeaztz/2 :‘@é”ﬁ K /‘:T

—— Y dbt g
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Moments from MGFs

Arman Jahangiri Chapter 6B: Moment Generating Functions Summer 2026 12

MGFs Generate Moments

. wonef M /
E(X) = M(0).  EX*)=M(0).  _~q
=
+ X £

oy X +X = v
g;Mx Lt)=ii£(€_)= E[éﬁ_a j :4:[)(. S M@ =sl]
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Proof: MGFs Generate Moments

Examples:

Recall that the moment generating function is

Mx(t) = E(e™).

—

Differentia e:
-_)ﬁbc M —i]E Xy _ R d — B(Xe™X
(1) = Su(eX) = E (L) = B(xe™X),

Now plugging in t = 0,
- My (0) = E(Xe®) { E(X).

Differentiate another time noting that X is a constant w.r.t. t.

=

M(t) = %[E(Xetx) =E <%Xetx) = E(X%e™).

o n
Plugging in t = [ (]
ggngint=2 M} (0) = E(X?e°) = E(X?). ¢ /((,\f (f') = %\' /

—
Similarly, differentiating n times gives o n
- MY (t) = E(X"e™).
0(t) = E(XCe r=s

Therefore, at t = 0,

M (0) = E(X"e") E E(X").
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Another way of seeing it...

The Taylor expansion of

is

Taking expectations:

The moments appear as Taylor coefficients.

Arman Jahangiri Chapter 6B: Moment Generating Functions Summer 2026 15

Example: Bernoulli Moments

For

we compute:

My (t) = pe'
Thus:
M (0) = p.
So
E(X)=p
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MGF Uniqueness Theorem

Theorem (Uniqueness of MGF)

If two random variables have the same MGF on an interval around 0, then they have the same distribution,
i.e., the moment generating function uniquely determines the distribution.

Thus MGFs characterize distributions, similarly to PDFs and CDFs.
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MGFs of Sums
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MGF of a Sum

If X and Y are independent, then
Mx+y(t) = Mx(t) X My(t),

More generally, if Xi, ..., X, are independent, then

My, x(8) = [T Mxi(8)

This is one of the main reasons MGFs are useful. Since using the MGF Uniqueness theorem, the MGF characterize
the distribution in full.
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Binomial MGF

A Binomial random variable can be written as:
X=h+- -+,
where the /; are independent Bernoulli(p) random variables.

Since each Bernoulli MGF is
pe' +q.

we get
Mx(t) = (pe' + q)".
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Negative Binomial MGF

X ~ NBin(r, p),

then
X=G +--+ G,

where the G; are independent Geometric(p) random variables.

Mx(t) = <l—pqe')r'

Thus,
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Sums via MGFs
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Sum of Independent Poissons

X ~ Pois(}), Y ~ Pois(p),

independently, then
Mx(t) — e/\(e —1),

and
MY(t) — e,u(e'_l).
Therefore,
MX+Y(t) — e(/\+u)(el,1)'
Hence:

X + Y ~ Pois(\ + p).

Remark: This can be generalized to n independent Poisson r.v.s using induction.
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Sum of Independent Normals

If
X1 ~ N(p1,01), Xz ~ N(p2,03),
independently, then
MX1+X2(t) — e(u1+u2)f+%(ﬂf+ﬂg)12.

Thus,
X1+ Xo ~ N(pa + /12,0’% + Ug)-

Remark: This can be generalized to n independent Normal r.v.s using induction.

Arman Jahangiri Chapter 6B: Moment Generating Functions Summer 2026

Distributions Closed Under Addition Under Independence

Distribution Assumption Sum Distribution
Bernoulli Xi ~ Bern(p) ZX,— ~ Bin(n, p)
i=1
n
Binomial Xi ~ Bin(nj, p) ZX,— ~ Bin (Z n;, p)
i=1
n
Poisson X; ~ Pois(\7) > X~ Pois(d_N)
i=1
n
Negative Binomial ~ X; ~ NegBin(r;, p) Z Xi~ NegBin(Z ri p)
i:nl
Geometric Xi ~ Geom(p) Z Xi ~ NegBin(n, p)
i=1
n
Normal Xi ~ N(ui, 0?) SOX; ~ N(Zp;,Za?)
i=1
n
Gamma Xi ~ Gamma(aj, A) ZX[ ~ Gamma (Z aj, )\)
i=n1
Exponential Xi ~ Exp(\) ZX,- ~ Gamma(n, \)
i=1
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MGFs encode moments through derivatives.
MGFs determine distributions.
Independent sums correspond to products of MGFs.

MGFs simplify moment calculations dramatically.

vvyYyYyyvyy

The Normal and Exponential MGFs are especially important.

Joint distributions.
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