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Transformations in the Discrete Case

If X is discrete and s o5 P(}’-fj) :_[9[3()() :.:j)

then, for every possible value y of Y, 2
=P( X €34,
‘Y:S(x') JP(Y:,‘/):IP(XEg‘I({y})) [E”(sz).) ﬂ_( ».9 Jf)

LT @ @ T

and let ;
Y = X2 XET »1 ,},20-} 2
Then Y € {0,1,4}, and % e P(} =\

Nt = 0) = P(X = 0) <(030) =pl XF\WX'-:')
7D RO (1) (DA DT
~ P(i}4) =P(X € {-2,2}) =P(X =-2)+P(X =2)=0.25.

Example. Suppose
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Transformations of Continuous Random Variables

Change of Variables Theorem (Univariate Case)

et X be a continuous random i 54 X,
/] Y =g(X),
where g is differentiable and son Sx.
Then g has an inverse, and the support o is

For y € Sy,

and fy(y) =0 for y & Sy. -
it or x in terms of y, find |dx/dy|, substitute into fx(x), and determine the support of Y.

The theorem requires g to be one-to-one on the support of X. When it is not, we can break the support into monotone
cases (examples below).
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Let
e rgzﬂ 9= X
Since -4 et

is strictly increasing on R, the change-of-variables theorem applies.
Step 1: Find the support of Y.
Since €* > 0 for every x,

Step 2: Solve y = g(x) for x.

Thus

Step 3: Apply the formula.
Since

we obtain f K
e 2 = -1 i —1 ——
Dist A = (e ) | e ) G

Fo fy(v) =0, ~

ThisTs the log-normal distribution.
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Let

Here . —
is not one-to-one on R: gl = p(/(zgj = 9( X § @

g(—x) = g(x).
Therefore, we cannot define a single inverse g~ ! on all of R. Instead, use the CDF method.
Since Y = X2 > 0, the support is

Sy = [0, ).
For y > 0, ‘a’
Fr(y)=P(Y <y)=P(X* < y) = P(—y <
(g

‘L .
x5 = o(Vy) — o(-vy) q2¢(Vy) - 1. (9)
Differentiate: — — . \—@ @
M=% p@@éﬁ

Therefore, using P ; % X?_ﬁ C’&’%

the PDF of Y is
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Transformations of Continuous Random Vectors

g(X) —> X eR o dirs Xo) = Y= 01

Change of Variables Theorem (Multivariate Case)

Let X = [@...,@T be a continuous random vector with joint PDF fx and support Sx C R". Define ¥ = g(X),
where g : 5x — Sy is one-to-one and differentiable, with differentiable inverse x = g ~!(y).. Then the support of Y

is Sy = g(5x), and

Here
a ca b?b"‘

yﬂO\T'"

is the Jacobian matrix. For y ¢ Sy, fy(y) = 0. e /r}y \ 8 T

Arman Jahangiri Chapter 8A: Transformations and Convolutions Summer 2026 g
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Let@ be independent Exp(1) random variables, so 11 X, (i[) = Q:?\ X\ 7o

i 67}(1,)(2) - e_(x1+x2)! x1 >0, x20 > 0. ’
Define > 3 ) Vel

Question: What is fy, v,(y,.1,)7
Since

Lr= Y2

we obtain 3‘ \
= %~y

We now find the support: =3Q

Since x1 > 0 and x2 > 0, we have y1y» > 0 yi(1— ) >0, whlch gives
|y1>0, 0<y2<1|

We now find the Jacobian: ’aSCI 3 Yo CXK? X'L) m—cy (’Y]} Y')_)

I .J'l ayl

> 8()(1,)(2)
A1, y2) ;1@’2 g;f =] ajf (q b [_._._ ad- LC

5 BT d
u—)\@\ e ‘
AN
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Example: Finding the Joint PDF

=lp s
By the change of variables theorem, if ( 3 (Y ;3 i l dc—'_ (J-) \

o > = ('xl 5 x‘l-:)
— (% a“"”@
Since =]

- (’114':1:1_
we have Xz(:r“ 2';,_) =e )
Therefore, - :'_‘)lj'l-

o2 =Yl ¢ -390
Notice that - (A x
3
Hence,

¢:
f ()= lj g
' g Qo

—
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o X e

(whent X-L \{

Convolutions
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What Is a Convolution?

A convolution is the distribution of a sum of independent random variables.
If

T:X+Y

and X, Y are independent, we want the distribution of T.

Why sums matter

Sums appear everywhere:
» totals;
» averages;
» waiting times;
>

counting processes.

Arman Jahangiri pt Transformations and Convolutions Summer 2026
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Discrete Convolution Formula

If X and Y are independent discrete random variables and

"
T=X+Y,

B(=t)=) PX=xB(Y=t—x).

then

Proof.
For a fixed value t, the event
{(X+Y =t}

can be written as the disjoint union

{X—t—Y:t}:U{X:X? Y =t—x}.

Therefore,

BT = =3 BX = V=b—u,
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Theorem

If X and Y are independent continuous random variables and

~—— —
JT=X+Y_._ (
|

v

o0 v

then

Arman Jahangiri Chapter 8A: Transformations and Convolutions Summer 2026 15



2:33PM Sun Aug 16 6 A% (%

Q. MATH 394 B Pr...) - Working offline Home  Insert View R
QT Q % A A A A b & +v % Qv B OB
<

Since

the CDF of T is

Using the joint density,

For each fixed x, the condition
is equivalent to

Therefore,

Since X and Y are independent,

jle]

Differentiating with respect to t,

Arman Jahangiri
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Let -
Then the transformation is =

=x++Yy, u=X.

Solving for the original variables gives Y‘ (K Vs =72 X‘})

|x=u. y:t—u.l

The Jacobian of the inverse transformation is
x  Ox B 5= CY\ ”__pwfn)

ot ou| _ (0 1
ay oy|=\1 -1)

and therefore . d;(xj) . C}\ X ) — <K*‘Yj X )

P“(&nm

fru(t,u) = fx y(u, t — u).

By the change-of-variables formula,

Since X and Y are independent,
fx,y(u, t — u) = fx(u)fy(t — u).
Hence,

frou(t,u) = fx(u)fy(t — u).
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Proof of Convolution Using the Jacobian Formula (continued)
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Proof of Convolution Using the Jacobian Formula (continued)

We have found the joint PDF
fru(t,u) = fx(u)fy (t — v).
To obtain the marginal PDF of
T=X+Y,
integrate out U: .
fr(t) = / fr.u(t,u)du

— o0

= /I(xl fx(u)fy(t — u) du.

Therefore,
e
fx(u)fy(t — u) du.

Renaming the dummy variable u as x gives the previous convolution formula:

ﬁ'(t) = /_x fx(x)fy(t — X) dx.

Arman Jahangiri
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xample 1: Sum of Two Exponential Random Variables
Let
T =XFY,
Recall that
Ae M x>0,
otherwise. 2
-
Since X. Y > 0, we immediately know =
T =X-4¥ =0 5( 4 'Y

For independent continuous random variables, the convolution formula is

fT(f)Z/_m fx(x)fy!t—xhdx, O DWWGU-S Thwm

For the integrand to be nonzero, we need both i 'Rt" L—’C\?al)

x>0 and t —x >0. g7

Thus; e M

0<x<t,

N\

which is possible only when t > 0,
Therefore, for t > 0,

frie) = [ Bl =)

- [E A =
=yt N
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