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MATH 394: Probability I Final Solutions

[ Problem 1. 16 points ]

Let the joint probability density function of random variables X and Y be given by

z2e WD 2 >0, y>0,
fla,y) =
0, elsewhere.

The marginal probability density functions are

= o 220

0, otherwise,
and
2 >0
9 y — )
fry)=q A+y)?°
0, otherwise.
(a) Calculate
Cov(X,Y).
(4 points)
(b) Calculate
Cov(3X +1, 2X — 4).
(3 points)
(c) Are X and Y independent? Justify your answer. (2 points)
(d) Calculate the moment-generating function of X, namely
Mx(t) = E(eX).
(3 points)
(e) Using Mx(t), calculate E(X). (2 points)

:

(a) Recall that
Cov(X,Y)=E(XY)—- E(X)E(Y).

First,

E(X)= /Oooa:fx(x) dz

o
:/ 22e " dx
0
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MATH 394: Probability I Final Solutions

Next,

To calculate E(XY'), use the joint density:

E(XY) = / / zy 22 W) dy da
o Jo
B o0 3 oo

_/ e * </ ye Y dy) dz.
0 0

For z > 0,
o 1
/ ye dy = —.
0 Z
Therefore,
E(XY) —/ ze *dx
0
=1
Hence
Cov(X,Y)=1-(2)(1) = —1.
(b) Using
Cov(aX + b,cX 4+ d) = ac Var(X),
we obtain
Cov(3X +1,2X —4) = 6 Var(X).

Now

E(X) =2,
and

E(X?) —/ 2% fx () da
0
= / e dx
0

= 6.

Thus
Var(X) = BE(X?) - [E(X)?=6—-4=2.

Therefore,

Cov(3X +1,2X —4) =6(2) = 12.
(c) If X and Y were independent, then we would have

fxy(z,y) = fx (@) fy(y)

on their support.
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However,
— 2
fX(x)fY(y) = e (1+y)37
whereas
2,—x(y+1)

Ixy(z,y) ==

These are not equal in general. Therefore, X and Y are not independent.
Alternatively, part (a) already gives

Cov(X,Y) = —1 #0.

Since independence would imply zero covariance, X and Y cannot be independent.

(d) By definition,

Mx(t) = E(e™)

(oe)
:/ e re ™ dx
0

—/ re~1=D% go.
0

1
1-t)z -
/O e da} = (1 t>2

Mx(t) = t<1.

Fort <1,

Therefore,

(e) We know that

Since

Mx(t) = (1-1t)72
we have

Mi(t) =2(1—t)3
Therefore,

E(X) = M (0) = 2.

=
Final Answer

(a) Cov(X,Y)=-1.
(b) Cov(3X +1,2X —4) =12.

(¢) X and Y are not independent.

1

o i<t

(d) Mx(t) =




MATH 394: Probability I Final Solutions

[ Problem 2. 8 points ]

Let X and Y be two positive independent continuous random variables with probability density functions
fi(z) and fa(y), respectively.

Find the probability density function of

Hint: Let V = X. Find the joint probability density function of U and V (Jacobian method), and then
calculate the marginal probability density function of U.

\

Define be
U=—, V=X
Y
We first find the inverse transformation.
Since
vV=2x
and
U= —,
Yy
we obtain
v
T =0, y=—.
U
Because X > 0 and Y > 0, the support of (U, V) is
u > 0, v > 0.
The Jacobian of the inverse transformation is
ox Oz

ou Ov
Since
v
T =", y=—,
U
we have
day) | 0 N _
o(u,v) |- Y 1=
uz u
Thus
Oz, y)| _ v
A(u,v)| u?

Since X and Y are independent,
fxy(z,y) = fi(z)f2(y).

Therefore,
v v
foyo) = AWk ()= wo>o.
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Finally, integrate out V:

fu(u) = /000 fi(v)fa (%) %dv, u > 0.
For v <0,
fu(u) =0
(Final Answer w
1 [ v
— — ) dv, >0,
S b A I R
0, u <0
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[ Problem 3. 7 points ]

Let X and Y be i.i.d. positive random variables.

For each part below, fill in the appropriate equality or inequality symbol.

Write = if the two sides are always equal, < if the left-hand side is less than or equal to the right-hand

side but not necessarily equal, and similarly for >. If no relation holds in general, write ?.

Justify each answer.

(a)

E(log X) log(E(X)).
(3 points)
(b)
P(X <Y) P(X>Y)
(2 points)
()
BE(XY) E(X2)E(Y?).
(2 points)
Solution
(a) The function
g(z) =logz

is concave on (0, c0).
By Jensen’s inequality for a concave function,

Elg(X)] < g(E[X]).

Therefore,
E(log X) < log(E(X)).

(b) Since X and Y are i.i.d., the joint distribution of (X,Y’) is symmetric under interchange of X
and Y.

Therefore,
PX<Y)=PY < X).
Also,
PX<Y)=PX<Y)+P(X=Y)
and
PX>Y)=PX>Y)+P(X=Y).
Since

P(X<Y)=P(X >Y),

it follows that
PX<Y)=P(X>Y).

(c) By the Cauchy—Schwarz inequality,

|E(XY)| < VE(X?)E(Y?).
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Since X and Y are positive,
E(XY)>0.

Hence
E(XY) < \E(X?)E(Y?).

In fact, because X and Y are independent,
E(XY)=EX)E(Y),

but Cauchy—Schwarz gives the requested comparison directly.

4 A
Final Answer

(a) E(log X) < log(B(X)).

(b) P(X <Y)=P(X>Y).

(¢) E(XY)< VEX)E(Y?).

7 of



MATH 394: Probability I Final Solutions

[ Problem 4. 7 points ]

Suppose
Xi,..., X,

are independent Bernoulli random variables with unknown success probability p, and define

Let
e>0 and 0<a<l.

Using Chebyshev’s inequality, derive a condition on the sample size n that guarantees

P(p-pl<e)=1-a

for every
0<p<l

:

Since

X; ~ Bernoulli(p),
we have
E(X;) =p, Var(X;) = p(1 — p)
Therefore,

Since the X;’s are independent,

1
== > Var(X;)
=1
_p(1—p)
n
Chebyshev’s inequality gives
- Var(p) _ p(1—p)
P —p| > < = .
(Ip=-pl=ze)<—3 2
We want a bound that holds for every 0 < p < 1.
Since 1
1—-p) <=
p(l=p) < 7,
we obtain .
P(lp—p|l>¢) < .
(F-pl2e) < 1o

8of
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Therefore,

1
P(p- >1———.
(Ip—pl<e) 21—

To guarantee that this is at least 1 — «, it is sufficient that

1 <
a.
4dne? —
Solving for n,
1
n >
~ 4oiE?
Since n must be an integer, one may take
. 1
~ | dae? |
( Final Answer )
A sufficient condition is |
T 4ae?’
Equivalently, for integer sample size,
1
n>|—-s|.
- [4@52-‘
N\ J
S J

9 of
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[ Problem 5. 8 points ]

Let X and Y be independent exponential random variables with common parameter A > 0:
X,Y " Exp()),
with probability density function
e M w >0,
o=

0, otherwise.

Define
T=X+Y.

Using the convolution formula
[e.e]
frt) = [ sx(@p(t-a)ds,

find the probability density function of T, including its support.

\

Since
T=X+Y
and X,Y > 0, we must have
T > 0.
Thus, for t <0,
frt)=0

Now suppose t > 0.
For the integrand

fx (@) fy (t — )

to be nonzero, we need

x>0
and
t—a>0.
Therefore,
O<x<t.

Using convolution,
t
frlt) = [ fx(@)v(t - o) do
0

t
= / e~ e~ A=) g

0
t
:)\26_/\t/ dx
0

= Ate X,
Hence
Nte M, t>0,
t pu—
fr(t) {07 ¢ <.

10 of
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Thus T does not have an exponential distribution. It has a Gamma distribution with shape parameter
2 and rate parameter \.

4 .
Final Answer

fr(t) =

Nte M, t>0,
0, t<0.

Equivalently,
T ~ Gamma(2, \)

under the shape-rate parameterization.
- J
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[ Problem 6. 8 points ]
Let X, Y, Z be jointly continuous with joint probability density function
z2e— oty te) x,y,z > 0,
T,Y,2) =
Ixvz(@y ) 0, otherwise.
The marginal probability density functions are
e ®, x>0,
xTr) =
Ix(@) {0, otherwise,
and
! >0 ! >0
T N Y ) T Ng R )
friy) = ¢ (1+y)? fz(z) = (1+2)?
0, otherwise, 0, otherwise.
(a) Are X,Y, Z pairwise independent? Justify your answer. (5 points)
(b) Are X, Y, Z mutually independent? Justify your answer. (3 points)
:

First, consider X and Y. Integrating out Z,

P
0
= erx(ler)/ e "*dz
0

_ xQef:C(ler) 1

x
= e 2(14y) x,y > 0.
On the other hand,
1
% = ' —.
These are not equal in general:
—x
T G
2 (1+y)?

Therefore, X and Y are not independent.
Consequently, X, Y, Z cannot be pairwise independent.
For completeness, the same phenomenon occurs for the other pairs.
By symmetry,

fxyz(.%,z) _ ‘,I:efa:(1+z)7
which is not equal to

e*I

fx(@)fz(2) = m

For Y and Z,

o) = [t g
0

12 of
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Using
& 2
/ 2e % dy = —= a >0,
0 a
we obtain 0
= .
However,
1
fy(y)fz(z) =

which is again different in general.
Hence none of the three pairs is independent.
(b) Mutual independence would require

Ifxyvz(x,y,2) = fx (@) fy(y)fz(2)

for all points in the support.
The product of the marginals is

e*ﬁ?

fX(:E)fY(y)fZ(Z) = (1+y)2(1 +Z)2'

But the joint density is

z P :xZefx(1+y+z)'
X,Y,z\Z, Y,

These expressions are not equal in general.

Therefore, X, Y, Z are not mutually independent.

Also, since mutual independence implies pairwise independence and part (a) shows that they are not
pairwise independent, mutual independence is impossible.

4 .
Final Answer

(a) X,Y,Z are not pairwise independent.

In fact, none of the three pairs is independent.

(b) X,Y,Z are not mutually independent.

13 of
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[ Problem 7. 6 points J

For each part below, select the correct statement of the indicated theorem. Only one choice is correct
in each part.

(a) Weak Law of Large Numbers (WLLN).

Let X1, X5,... be ii.d. random variables with finite mean
E(X;) =p

and finite variance

Let

Which of the following is the conclusion of the Weak Law of Large Numbers? (2 points)

(A) For every € > 0, o
P(|Xn—p|l>e)=0 for every n.

(B) For every € > 0,
lim P (| X, —pu| >¢) =0.
n—oo
(©)
P(lim Ynzﬂ) —1.

n—o0

(D) For every z € R,

lim P (ij\;ﬁ“ < z) = 3(2).

Strong Law of Large Numbers (SLLN).

Let X1, Xo,... be ii.d. random variables satisfying the same assumptions as in the Weak Law of
Large Numbers, with
E(X;) =p
and finite variance
Var(X;) = o2
Which of the following is the conclusion of the Strong Law of Large Numbers? (2 points)

(A) B
P (nli_g)lo X, = u) —1.
(B) For every € > 0,
lim P ([X, — p| > ) =0.

(©)

lim P(X, =up)=1.

n—o0

14 of
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(D) -
n— M d
ofn

N(0,1).

(c) Central Limit Theorem (CLT).
Let X1, X5,... be ii.d. random variables with

E(X:)=p,  Var(X;) =0’ < oc.

Which of the following is the conclusion of the Central Limit Theorem? (2 points)

(A)

(B)

(C) For every z € R,

(D) For every € > 0,

\

(a) Weak Law of Large Numbers.
The WLLN states that the sample mean converges to the population mean p in probability. That is,
for every € > 0,

lim P (| X, —p|>¢) =0.

n—o0

Therefore, the correct answer is

(b) Strong Law of Large Numbers.
The SLLN states that B
Xp— i
almost surely. Equivalently,
P(lim Yn:,u) =1.

n—oo

Therefore, the correct answer is

A.

(c) Central Limit Theorem.
The CLT states that the standardized sample mean converges in distribution to a standard normal
random variable:

s

U;\;ﬁ“ 4 N(0,1).

15 of
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Equivalently, for every z € R,

Therefore, the correct answer is

( Final Answer

\
L (a)B| [(B)A] [(0C J

- J
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