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Introduction

Basic setup
• Classification: predict a discrete label 𝑌 from features 𝑋
• (𝑋,𝑌) ∈ R𝑝 × {1, . . . , 𝐾}
• Data: {(𝑥𝑖 , 𝑦𝑖)}𝑛𝑖=1, where 𝑥𝑖 ∈ R𝑝
• Goal: learn a classifier 𝒞 : R𝑝 → {1, . . . , 𝐾}

Performance metric

𝑀𝑅(𝒞) = P
(
𝒞(𝑋) ≠ 𝑌

)
4 / 27



Introduction Classifiers Proposed Model Theorems Comparison

Why high-dimensional classification?

• Genomics: identify disease-related mutations from DNA measurements

• Cancer subtyping: classify tumors using gene expression profiles

• Spam detection: classify emails using large collections of word-based features

Common feature
In all three examples, the number of features 𝑝 can be very large relative to the sample
size 𝑛.
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How can we build a classifier?

1. Directly minimize classification error over a class of candidate rules

2. Model the posterior:
𝒞(𝑥) = arg max

1≤𝑖≤𝐾
P(𝑌 = 𝑖 | 𝑋 = 𝑥)

3. Model the class-conditional densities and use Bayes’ rule:

P(𝑌 = 𝑖 | 𝑋 = 𝑥) = P(𝑋 = 𝑥 | 𝑌 = 𝑖)P(𝑌 = 𝑖)∑𝐾
𝑗=1 P(𝑋 = 𝑥 | 𝑌 = 𝑗)P(𝑌 = 𝑗)
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Logistic Regression
• A generalized linear model widely used for binary classification
• It models the posterior probability:

log
(

𝑝(𝑥)
1 − 𝑝(𝑥)

)
= 𝛽0 + 𝛽⊤𝑥

where 𝑝(𝑥) = P(𝑌 = 1 | 𝑋 = 𝑥)
• A classification rule is obtained by thresholding the estimated probability

• Advantage: fewer parameters than QDA
• Advantage: does not require Gaussian class-conditional assumptions
• Typically estimated by maximum likelihood, often via Newton–Raphson / IRLS

• Related work: Abramovich and Grinshtein (2018), Sparse Logistic Regression
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Discriminant analysis: model assumptions

• For binary classification, assume class-conditional Gaussian distributions:

𝑋𝑖 | {𝑌𝑖 = 0} ∼ 𝒩𝑝(𝜇0 ,Σ0), 𝑋𝑖 | {𝑌𝑖 = 1} ∼ 𝒩𝑝(𝜇1 ,Σ1)

• Gaussian density:

𝑓 (𝑥) = (2𝜋)−𝑝/2 |Σ|−1/2 exp
(
−1

2 (𝑥 − 𝜇)⊤Σ−1(𝑥 − 𝜇)
)
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Discriminant analysis: simplification
• By recentering, we may write

𝜇0 = −𝜇, 𝜇1 = 𝜇

Note that

E[𝑋𝑖 +
𝜇0 − 𝜇1

2 |{𝑌𝑖 = 1}] = 𝜇0 + 𝜇1

2 = 𝜇

E[−𝑋𝑖 +
𝜇0 − 𝜇1

2 |{𝑌𝑖 = 0}] = −𝜇0 + 𝜇1

2 = −𝜇

• After whitening the first class covariance, we reduce to

𝑋𝑖 | {𝑌𝑖 = 0} ∼ 𝒩𝑝(−𝜇, 𝐼), 𝑋𝑖 | {𝑌𝑖 = 1} ∼ 𝒩𝑝(𝜇,Ω)
• This normalization simplifies the asymptotic analysis without changing the core

classification problem
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Quadratic Discriminant Analysis (QDA)

QDA’s Decision rule

𝑄𝐷𝐴(𝑥) = I{𝛿1(𝑥) > 𝛿0(𝑥)}
where

𝛿𝑘(𝑥) = −1
2 log |Σ𝑘 | −

1
2 (𝑥 − 𝜇𝑘)⊤Σ−1

𝑘
(𝑥 − 𝜇𝑘) + logP(𝑌 = 𝑘)

• The decision boundary is quadratic in 𝑥
• QDA allows the two classes to have different covariance matrices
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Linear Discriminant Analysis (LDA)

• Additional assumption: Σ0 = Σ1 = Σ

• Under homoscedasticity, the quadratic terms cancel

LDA’s Decision rule

𝐿𝐷𝐴(𝑥) = I{𝑥⊤𝑤 + 𝑠 > 0}
with

𝑤 = Σ−1(𝜇1 − 𝜇0), 𝑠 = −1
2

(
𝜇⊤

1 Σ
−1𝜇1 − 𝜇⊤

0 Σ
−1𝜇0

)
+ log P(𝑌 = 1)

P(𝑌 = 0)
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Curse of Dimensionality

Zollanvari, James, Sameni (2020): With a fixed number of training samples, the average
(expected) predictive power of a classifier or regressor first increases as the number of
dimensions or features used is increased but beyond a certain dimensionality it starts
deteriorating instead of improving steadily.
Assumption: 𝑝 >> 𝑛

1. 𝜇 ∈ R𝑝 (𝑝 >> 𝑛)
2. 𝜇 is a noisy vector
3. High sparsity: non-zero entries << zero entries
4. Asymptotically Rare and Weak (ARW) signals
5. sparsity/weakness ↑ ⇒ Classification accuracy ↓
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Modeling sparsity and weakness in the mean

Mean vector model
For 𝜇 = (𝜇1 , . . . , 𝜇𝑝), assume

𝜇1 , . . . , 𝜇𝑝
iid∼ (1 − 𝜖)𝑀0 + 𝜖𝑀𝜏 , 𝜏 > 0

with
𝜖 = 𝑝−𝜁 , 𝜏 = 𝑔𝑝 𝑝

−𝜃 , 𝜁, 𝜃 ∈ (0, 1)

• 𝜖 controls sparsity
• 𝜏 controls signal strength
• 𝑀𝑎 denotes a point mass at 𝑎
• 𝑔𝑝 is either a positive constant sequence or a logarithmic factor
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Modeling the covariance structure

Covariance model

Ω = 𝐼 +𝑉 + 𝜉𝑊, 𝜉 = 𝑝−𝛼 , 𝛼 ∈ (0, 1)

• 𝑉 controls sparse diagonal perturbations
• 𝑊 controls sparse off-diagonal dependence
• 𝜉 scales the off-diagonal contribution
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Sparse diagonal and off-diagonal effects

Diagonal entries:
𝑣1 , . . . , 𝑣𝑝

iid∼ (1 − 𝜔)𝑀0 +
𝜔
2 𝑀𝛾 +

𝜔
2 𝑀−𝛾

with
𝜔 = 𝑝−𝛿 , 𝛾 = ℎ𝑝 𝑝

−𝑢 , 𝛿 > 0, 𝑢 ∈ (0, 1)

Off-diagonal entries:

𝑤𝑖 𝑗 = 𝑤 𝑗𝑖
iid∼ (1 − 𝜈)𝑀0 +

𝜈
2𝑀1 +

𝜈
2𝑀−1 , 𝑤𝑖𝑖 = 0

with
𝜈 = 𝑝−𝛽 , 𝛽 ∈ (0, 2)
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Previous research

Chen (2019)
Under assumptions (9) and (10), when 𝜇 = 0 and Ω = 𝐼 +𝑉 ,

lim
𝑝→∞

𝑀𝑅(𝑄𝐷𝐴) = 0 in the region {2𝑢 + 𝛿 ≤ 1}.

Wang, Wu, and Yao
Under assumptions (7), (8), (10), and (11), when 𝜇 ≠ 0 and Ω = 𝑐𝐼𝑝 + 𝜂𝑊 , the impossibility
region is

{𝛽 + 2𝜈 > 2} ∩ {𝜁 + 2𝜃 > 1},
and QDA is optimal.
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Main results

Jahangiri (2024)
Under assumptions (10) and (11), when 𝜇 = 0 and Ω = 𝐼 +𝑉 , QDA is optimal in the region

{2𝑢 + 𝛿 ≤ 1}.

Jahangiri (2024)
Under assumptions (7), (8), (10), and (11), when 𝜇 ≠ 0 and Ω = 𝐼 +𝑉 ,

{2𝑢 + 𝛿 > 1} ∩ {𝜁 + 2𝜃 > 1}

is a subset of the impossibility region.
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Computational comparison

Number of parameters

QDA: Σ0 ,Σ1 , 𝜇0 , 𝜇1 , P(𝑌 = 0), P(𝑌 = 1) ⇒ 𝑂(𝑝2)

Logistic regression: 𝛽0 , 𝛽1 , . . . , 𝛽𝑝 ⇒ 𝑂(𝑝)

Takeaway
QDA is more flexible, but this flexibility comes with a much heavier estimation burden in
high dimensions.
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Do not use LDA/QDA if...

• Press, Wilson (1978)
• Halperin, Blackwelder, and Verter (1971)
• Hastie, Wittenc, Ersbolld (2013)
• ...

Common Result:
The "use of the maximum likelihood method would be preferable, whenever practical, in
situations where the normality assumptions are violated, especially when many of the
independent variables are qualitative."
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Related Works

• Clemmensen et al. (2011), Sparse discriminant analysis based on the optimal scoring
interpretation of linear discriminant analysis

• Mai et al. (2012), Discriminant analysis constructed via lasso penalized least squares

• Pang et al. (2010), Shrinkage-based and regularization diagonal discriminant methods

• Ghosh et al. (2021), Robust generalised quadratic discriminant analysis
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Thank you!
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