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Literature Review

During the past three decades, advancements in computing have fueled a surge
of interest in nonparametric models, driven by the realization that parametric
models often fall short in capturing complex relationships.
However, the flexibility of nonparametric approaches can hinder drawing concise
conclusions.

Semiparametric approaches are of high interest since they can handle a trade-off
between interpretability and flexibility.
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Literature Review

To address limitations in tools for making inferences on semiparametric and
nonparametric models, Fan et al. (2001) proposed the generalized likelihood
ratio (GLR) statistic.
The GLR test, under the null hypothesis, follows an asymptotically χ2

distribution, a property known as the Wilk’s phenomenon.

Focus of this project:
Fan, J. Q., & Huang, T. (2005). Profile likelihood inferences on
semiparametric varying-coefficient partially linear models. Bernoulli,
11(6), 1031–1057.
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Introduction

Varying-coefficient partially linear models (VC-PLM) are used particularly when
dealing with complex relationships and heterogeneous data (data coming from
different sources in various formats).

VC-PLM can capture nonlinearities in the relationships between some covariates
and the response variable by allowing the coefficients to vary across
observations.

VC-PLM combines parametric and nonparametric components. (i,e. linear and
nonlinear terms)
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Model Structure and Assumptions

Y = αT (U)X + βTZ + ϵ (1)

α(·) = (α1(·), · · ·αp(·))T : A p-dimensional vector of unkown coefficients

βT = (β1, · · · , βq) relates the variables Z1 · · ·Zq to the response through a linear
relationship.
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Further Model Assumptions

E[ϵ] = 0;

V ar(ϵ) = σ2;

ϵ ⊥ (U,XT , ZT )

Presence of interaction between the covariates U and X so that different levels
of the covariate U corresponds to different linear models.

Profile least squares is a powerful approach and can be shown to have optimal
trade-off between efficiency and flexibility for the proposed model.
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Incorporating sample into the Model

Given a random sample of size n, namely {Ui,Xi,Zi, Yi : i = 1 · · ·n}, where
Xi = (Xi1, · · · , Xip) and Zi = (Zi1, · · · , Ziq).

Yi =

p∑
j=1

αj(Ui)Xij +
n∑

j=1

βjZij + ϵi (2)

Varying-Coefficient Partially Linear Model (VC-PLM) (αj(Ui) is not a

fixed constant such as βj)) Can be converted to

Y ∗
i =

p∑
j=1

αj(Ui)Xij + ϵi (3)

with

Y ∗
i = Yi −

n∑
j=1

βjZij (4)

Varying-coefficient model
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Steps for estimating the coefficients

Needed Tools

Local Linear Regression (LLR): To estimate {αi(·) : i = 1, · · · , p}

αj(u) ≈ αj(u0) + α′
j(u0)(u− u0) ≡ aj + bj(u− u0) (5)

Score functions:

(â, b̂) = argmin
a,b

n∑
i=1

[Y ∗
i −

p∑
j=1

{aj + bj(Ui − u0)Xij}]2Kh(Ui − u0) (6)

with K a kernel function and h a bandwidth and kh(·) = K(·/h)/h.
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Score Functions

∂U(a,b)
∂aj

=
∑n

i=1[Y
∗
i −

∑p
j=1{aj + bj(Ui − u0)Xij}]Kh(Ui − u0)Xij = 0

∂U(a,b)
∂bj

=
∑n

i=1[Y
∗
i −

∑p
j=1{aj + bj(Ui − u0)Xij}]Kh(Ui − u0)(Ui − u0)Xij = 0
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Conversion to Matrix Notation

Define

Du =

X
T
1

U1−u
h

XT
1

...
...

XT
n

Un−u
h

XT
n

 ; Wu = diag(Kh(Ui − u0); i = 1, · · · , n) (10)

Du: Similar to X matrix in a general linear model setup, whose second set of
values have been adjusted by the weights Ui−u0

h
.

Wu: Similar to W (weight) matrix in the general linear model setup.

Answer to the weighted least square is then given by

[â, hb̂]T = (DT
uWuDu)

−1DT
uWu(Y − Zβ) (9)
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Conversion to Matrix Notation

Defining

M =

αT (U1)X1

...
αT (Un)Xn

 =

α
T (U1)
...

αT (Un)

×
[
X1 · · · Xn

]
(11)

results in (3) being converted to Y − Zβ = M + ϵ.
We thus have

M̂ =


[
XT

1 0
]
(DT

u1Wu1Du1)
−1DT

u1
Wu1

...[
XT

n 0
]
(DT

un
WunDun)

−1DT
un

Wun

 (Y − Zβ) = S(Y − Zβ) (12)

Substituting M̂ in Y − Zβ = M + ϵ, we get,

Y − Zβ = S(Y − Zβ) + ϵ =⇒ (I − S)Y = (I − S)Zβ + ϵ (13)

Using the IWLS method in gerenal linear models once again for finding the
coefficients vector β, we get

β̂ = {ZT (I − S)T (I − S)Z}−1ZT (I − S)T (I − S)Y (14)
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Coefficients Assymptotic Distribution

Theorem 1. Under the conditions given in the appendix, the profile likelihood
estimator of β is asymptotically normal,

√
n(β̂ − β) → N(0,Σ)

where Σ = σ2{E(ZZT )− E[E(ZXT |U)E(XXT |U)−1E(XZT |U)]}−1.
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Sketch of proof
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Wald Statistic Asymptotic Distribution

Theorem 2. Under the null hypothesis Aβ = 0 and the conditions in the appendix,
the Wald statistic Wn(h) follows the assymptotic χ2 distribution with l degrees of
freedom.

Wn(h) = β̂TAT (A
∑̂

h
AT )−1Aβ̂

P→ χ2
l (λ)

Theorem 2 follows from 1 and Slutsky theorem.
(if X ∼ Np(µ,

∑
) then (X − µ)T

∑−1(X − µ) ∼ χ2(p).)
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Profile Likelihood Ratio (PLR) Test

Null Hypothesis:
H0 : Aβ = 0

Alternative Hypothesis:
H1 : Aβ ̸= 0

where:

Al×q is a known full-rank matrix specifying the linear combination,

βq×1 is the vector of regression coefficients,

Here, the problem is that we cannot use the MLR test since the nonparametric
MLEs do not exist for α(.)

Question. How to proceed?
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1. Find a reasonable non-parametric estimate for α(.)
(done by via Profile Likelihood Estimation)

2. Plug it in when they appear in the Likelihood Ratio statistic

Generalized Likelihood Ratio (GLR) statistic;

Profile Likelihood Ratio (PLR) statistic as the nonparametric estimate of α(.) is
found via profile likelihood technique.
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Assume (WLOG: Fan et. al 2001): ϵi ∼ N(0, σ2),

Yi = α(Ui)
TXi + βTZi + ϵi | Ui, Xi, Zi, ∼ N(α(Ui)

TXi + βTZi, σ
2).

log-likelihood function

l(α, β, σ) = −n log(
√
2πσ)− RSS1

2σ2
(15)

with RSS1 =
∑n

i=1(Yi − α(Ui)
TXi − βTZi)

2
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Estimate α(.) using LLR for fixed β, with α̂(.;β),

Substitute α̂(.;β) into (15):

l(α̂.;β), β, σ)) = −nlog(
√
2πσ)− R̂SS1

2σ2
(16)

Differentiating (16) with respect to σ, we have

∂l(α̂.;β), β, σ))

∂σ2
= −n/σ − RSS1

σ3
= 0 =⇒ σ̂2 = n−1RSS1

Using a similar argument and using the derivations in section 3, we find β̂ as
well to have the formula found in that section.
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Substituting the found estimators into the log-likelihood function yields the Profile
Likelihood

l(H1) = −n

2
log(

2π

n
)− n

2
log(RSS1)− n

2

A similar approach can be adopted to find l(H0), the maxized log-likelihood function
under the null hypothesis H0 : Aβ = 0. Then, we have,

Tn = l(H1)− l(H0) =
n

2
log(

RSS0

RSS1
) ≈ n

2

RSS0 −RSS1

RSS1

using the Taylor series expansion −log(1− x) = x+ x2

2
+ · · · with the first term

being incorporated and x = RSS1−RSS0
RSS1

.

Tn is referred to as the PLR statistic, which is not the same as the MLR test
statistic.

The PLR statistic is derived analogously to the maximum likelihood ratio statistic.
However, they are different since αi(.) is found through LLR.
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Comparison with traditional LRT Distribution

Question Is PLR statistic asymptotically χ2 (similiar to the traditional MLR
statistic)?

Theorem 3 Under the null hypothesis Aβ = 0 and the conditions in the Appendix,
the PLR statistic 2Tn(h) follows the asymptotic χ2(df = l).

Furthermore,

Wald Test The testing problem Aβ = 0 can also be performed using the Wald
statistic,

Wu(h) = β̂TAT (A
∑̂
h

AT )−1Aβ̂

where
∑̂

h is an estimation of Cov(β). The asymptotic distribution of the Wald
statistic also follows a χ2(df = l) distribution, which was illustrated in Theorem 2.
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Conclusion

In the ever-evolving landscape of statistical modeling, exploration into
semiparametric varying-coefficient partially linear models represents a significant
importance toward addressing the complexities of parametric estimation.

The adoption of the Generalized Likelihood Ratio (GLR) statistic, with a focus
on the Profile Likelihood Ratio (PLR) test, gives us a powerful test comparable
to the traditional LRT.

In an era marked by complex datasets, the need for methodologies that balance
flexibility and precision is necessary. The asymptotic properties established in
the derivations lay a foundation for confidence in the estimators and tests
proposed, further emphasizing their utility in practical scenarios.

Beyond the confines of this project, the implications of our findings resonate
with the broader landscape of statistical modeling.
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Thank You!
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Questions...

32 / 32


	Literature Review
	Introducing the Model
	Derivation of the Asymptotic results
	Hypothesis Testing
	Comparison
	Conclusion
	References

